The A 4 model of leptons was proposed originally for nearly degenerate neutrino masses. With minimal modification, it is shown to accommodate as well the cases of normal hierarchy and inverted hierarchy. In all cases, this new model predicts sin 2 2θ atm = 1 and tan 2 θ sol = 0.5 for U e3 = 0. It also predicts their deviations from 1 and 0.5 respectively for U e3 = 0.
Neutrino oscillations are now firmly established [1] . The mixing matrix U αi linking (e, µ, τ ) to the neutrino mass eigenstates (ν 1 , ν 2 , ν 3 ) is also determined to a large extent.
This information is however not sufficient to fix all the elements of the neutrino mass matrix M ν (assumed here to be Majorana at the outset), but is indicative of its possible approximate form in terms of a small number of parameters. For example, if the Z 2 symmetry ν µ ↔ ν τ is imposed on M ν , then [2] 
which is diagonalized by
where
with tan 2θ = 2 √ 2d e − a − b .
In the convention 
this means that θ 23 = π/4, θ 12 = θ, θ 13 = 0,
which is of course consistent with present experimental data, i.e. sin 2 2θ 23 ≃ 1.0, tan 2 θ 12 ≃ 0.4, sin 2 θ 13 < 0.067 (3σ).
Furthermore, it has been shown [2] that M ν of Eq. (1) is flexible enough to allow for all possible hierarchies of the neutrino mass eigenvalues. However, since θ 13 is required to be zero, there can be no CP violation in U.
Versatile as it is, the proposed M ν has a very serious flaw. Since each neutrino has its corresponding charged lepton together in a weak SU(2) L doublet, any symmetry imposed on M ν must affect the charged-lepton Dirac mass matrix M l linking (e, µ, τ ) to (e c , µ c , τ c ).
In particular, the Z 2 symmetry ν µ ↔ ν τ implies that there is also a Z 2 symmetry µ ↔ τ in M l . This requirement is not consistent with the implicit assumption of Eq. (1) [6, 7, 8, 9] , based on the symmetry of the tetrahedron (Plato's fire). This group has three inequivalent one-dimensional representations and one three-dimensional representation, allowing M l to have three independent eigenvalues and in the basis where it is diagonal, M ν has the form
This results in three degenerate neutrino masses, but the addition of the most general flavorchanging one-loop radiative corrections [8, 9] automatically changes it to
Without loss of generality, δ may be chosen real by absorbing its phase into ν µ and ν τ and δ 0 set equal to zero by redefining m 0 and the other δ's. Remarkably, this M ν has the same form as Eq. (1), if δ ′′ is real. However δ ′′ is in general complex, in which case θ 13 becomes nonzero, and the CP violation in U is predicted to be maximal [2, 10] . Both results are very
interesting and sure to be tested in future neutrino experiments.
The neutrino mass matrix of Eq. (9) predicts three nearly degenerate neutrino masses.
This is naturally expected from the assumed A 4 symmetry. Since all the mass splitting comes from radiative corrections, m 0 should be greater than the square root of the observed ∆m 2 for atmospheric neutrino oscillations by at least an order of magnitude. This puts a lower bound of about 0.3 eV on m 0 , which is very relevant for neutrinoless double beta decay [11] and the large-scale structure of the Universe [12] . In fact, the experimental upper bound on m 0 in either case is also about 0.3 eV.
In the following, the A 4 model is modified to show that it can also accommodate three neutrinos of very different masses, either in the normal hierarchy, i.e. |m 1 | < |m 2 | < |m 3 |, or the inverted hierarchy, i.e. |m 3 | < |m 1 | < |m 2 |, with solar neutrino oscillations coming from ν 1 − ν 2 splitting and atmospheric neutrino oscillations from the larger splitting of ν 3 with
It is also shown that the resulting neutrino mixing matrix reduces to that of Eq. (3) in a certain symmetry limit, but with tan 2 θ also fixed at 1/2. This specific form of U has long been advocated as a desirable ansatz [13] and here is the first example of how it can be derived from a complete theory, without arbitrary assumptions regarding its charged-lepton sector. Away from this symmetry limit as parametrized by a single (complex) parameter, U e3 becomes nonzero, θ 23 becomes greater or less than π/4, and tan 2 θ 12 moves away from 0.5. The present experimental bound on U e3 means that this model has specific predictions for θ 12 and θ 23 , which can be tested in future neutrino experiments.
The group theory and representations of A 4 are already discussed in Ref. [6] . Briefly, it is the group of even permutations of four objects, which is also the symmetry group of the tetrahedron, one of five perfect geometric solids known to the ancient Greeks, and associated by Plato with the element "fire". It has 12 elements and 4 irreducible representations: 1, 1 ′ , 1 ′′ , and 3, with the multiplication rule
As such, it is ideal for describing three families of leptons (and quarks). [Note that A 4 is isomorphic to the dihedral group ∆(12), and is a discrete subgroup [14] of SO(3) as well as SU (3).] In the convention that all fermions are left-handed, the leptons are assumed to transform under A 4 as follows.
Using the Higgs doublets
the 3 × 3 mass matrix linking l i to l c j is given by
where ω = e 2πi/3 and v i = φ 0 i . As shown in Ref. [6] , for a continuous range of parameter values, the minimum of the Higgs potential is given by
and U R is the unit matrix.
Instead of using the canonical seesaw mechanism for Majorana neutrino masses as in previous versions of the A 4 model, the neutrino mass matrix M ν is assumed here to come from the naturally small vacuum expectation values of heavy Higgs triplets [15] . Let
where a comes from ξ In the basis where the charged-lepton mass matrix is diagonal, the neutrino mass matrix
which is the main result of this paper. 
which is a well-known ansatz [13] with the prediction tan 2 θ 12 = 1/2, but has never been derived from the symmetry of a complete theory, without arbitrary assumptions regarding its charged-lepton sector, until now.
In the basis defined by U of Eq. (20), i.e.
the neutrino mass matrix of Eq. (19) rotates to
If m 4 = 0, ν 1 mixes with ν 3 , but ν 2 remains the same. Let the new mass eigenstates be
then the new mixing matrix U has elements
Therefore, the experimental constraint [16] 
or, using sin
Similarly, using tan for the soft trilinear ξφφ terms which break the A 4 symmetry. In that case, the neutrino mass matrix of Eq. (18) has the additional piece
resulting in
If m 4 = 0 but m 5 = 0, then ν 2 mixes with ν 3 while ν 1 remains the same. The analogs of Eqs. (27) and (28) are then
Therefore, the experimental constraint [18] 0.91 < sin 2 2θ atm < 1
implies
and thus 0.48 < tan 2 θ sol < 0.5.
If both m 4 and m 5 are nonzero and all m i 's are real, the eigenvalues of Eq. (35) obey the cubic equation
For λ i = m i + δ i , the eigenstates are approximately given by
where each ǫ ij is much smaller than 1. Thus
Consider first ν 3 . The solutions of Eq. (41) are
Consider next ν 1 . The solutions of Eq. (41) are
As a numerical example, consider 
resulting in 
and tan
75. Note that this may occur even if δ αβ = 0 for α = β, i.e. in the absence of flavor changing radiative corrections, in contrast to the requirement of Refs. [8] and [9] .
In the Higgs sector, the triplets are very heavy and may all be integrated away [15] . Their only imprint on the low-energy theory is the neutrino mass matrix of Eq. (19). On the other hand, the three Higgs doublets are at the electroweak mass scale and their Yukawa couplings to the leptons are completely determined by the charged-lepton masses as shown in Ref. [6] .
Phenomenological consequences are discussed in detail there.
In conclusion, a much more predictive version of the A 4 model of leptons has been proposed. In the basis where the charged-lepton mass matrix is diagonal with three independent eigenvalues (i.e. m e , m µ , m τ ), the neutrino mass matrix is fixed to have the form of Eq. (19).
Using 
